Abstract. Let (M, ω) be a connected, compact symplectic manifold equipped with a Hamiltonian SU (2) or SO(3) action. We prove that, as fundamental groups of topological spaces, π 1 (M ) = π 1 (M red ), where M red is the symplectic quotient at any value of the moment map φ.
Introduction
Let (M, ω) be a connected, compact symplectic manifold. Let us assume a circle acts on M in a Hamiltonian fashion with moment map φ. Then φ is a Morse-Bott function with a unique minimum and a unique maximum. The critical point set components of φ are exactly the fixed point set components of the circle action. Take a value a of φ, the space M a = φ −1 (a)/S 1 is called the symplectic quotient or the reduced space at a. If S 1 acts freely on φ −1 (a), M a is a smooth symplectic manifold. If S 1 acts locally freely on φ −1 (a), M a is a symplectic orbifold. In the above two cases, a is called a regular value. More generally, if φ −1 (a) contains fixed points of the S 1 action, in which case, a is a singular value, then M a is in general a stratified space (see [SL] ). In all these cases, the quotient, as a topological space, has a well defined fundamental group. One has the notion of orbifold fundamental group which is different (see [Ch] or [TY] for the definition of orbifold π 1 , and see the example following Theorem 1). In [L] , we proved the following theorem: Theorem 1. Let (M, ω) be a connected, compact symplectic manifold equipped with a Hamiltonian S 1 action. Then, as fundamental groups of topological spaces, π 1 (M ) = π 1 (minimum) = π 1 (maximum) = π 1 (M red ) , where M red is the symplectic quotient at any value in the image of the moment map φ.
The proof mainly relies on Morse-Bott theory and symplectic reduction. It closely links the fundamental group of the "manifold under a value a" M a = {x ∈ M | φ(x) ≤ a} with the fundamental group of the reduced spaces at values equal to or lower than a.
The above theorem is not true for "orbifold fundamental group". For example, let S 1 act on (S 2 × S 2 , 2ρ ⊕ ρ) (where ρ is the standard symplectic form on S 2 ) by λ(z 1 , z 2 ) = (λ 2 z 1 , λz 2 ). Let 0 be the minimal value of the moment map. Then for a ∈ (1, 2), M a is an orbifold which is homeomorphic to S 2 and has two Z 2 singularities. The orbifold π 1 of M a is Z 2 , but the π 1 of M a as a topological space is trivial.
Theorem 1 is not true for non-compact symplectic manifolds. For instance, take S 1 × R (the infinite cylinder) and let S 1 act by rotating the first factor. This action is Hamiltonian with moment map being the projection to R. We see that each reduced space is a point.
In this paper, we generalize this result to the rank 1 non-abelian Hamiltonian Lie group action case. Theorem 2. Let (M, ω) be a connected, compact symplectic manifold equipped with a Hamiltonian SU (2) or SO(3) action. Then, as fundamental groups of topological spaces, π 1 (M ) = π 1 (M red ) , where M red is the symplectic quotient at any value of the moment map φ.
In this case, the moment map φ : M → R 3 = g is a G = SU (2) or SO(3) equivariant map, and the co-adjoint action of SU (2) or SO(3) on R 3 is by rotation. The symplectic quotient or reduced space at a co-adjoint orbit is defined to be φ −1 (G · a)/G. An easy case of Theorem 2 is when the moment map image only consists of the origin in R 3 . By the definition of the moment map, it is easy to show that in this case, SU (2) or SO(3) acts on M trivially, so the reduced space at 0 is M itself. In fact, take m ∈ M = φ −1 (0), let b be the isotropy lie algebra of m. Then, by the definition of the moment map, the image of the differential dφ at m is the annihilator of b. Since by assumption the image of dφ at m is 0, b = g.
An easy conseqence of Theorem 2 is that a non-simply connected compact 4-dimensional symplectic manifold can not admit a non-trivial Hamiltonian SU (2) or SO(3) action, since the generic reduced space is a point. But they may admit Hamiltonian S 1 actions. So, without loss of generality, we assume that the moment map has non-zero values. We will use the symplectic Cross-Section Theorem to reduce the proof of the theorem at non-zero values to the circle action case. Assume 0 is in the moment map image. If 0 is a regular value, then a neighborhood of 0 in R 3 consists of regular values. The proof in this case is easy. If 0 is a singular value, generally, the zero level set and the reduced space at 0 are stratified spaces ( [SL] ). In this case, the zero level set of φ can have orbits with isotropy groups of different dimensions. This part of the proof is more complicated. It relies on the knowledge of the SU (2) and SO(3) representations. It also requires a careful study of the structure of singular spaces.
In fact, we will see that the fundamental group of M and of the symplectic quotients in Theorem 2 is the fundamental group of the maximum (or minimum) of the moment map of the maximal torus action, i.e., of a circle action, in this case. If the theorem were true for general compact connected Lie group actions, the fundamental group would be ultimately the fundamental group of the maximum of the moment map for a circle action. This is similar to the non-abelian localization theorem by Jeffrey-Kirwan ( [JK] and Guillemin-Kalkman ([GK] ). Recall that, when 0 is a regular value of the moment map for a connected compact Lie group action on a compact symplectic manifold M , Kirwan proved that the canonical ring homomorphism r from the equivariant cohomology of M to the cohomology of the symplectic quotient M 0 is surjective. Let α be an equivariant cohomology class on M with degree equal to the dimension of M 0 . Jeffrey-Kirwan expressed the integral M0 r(α) in terms of the fixed point data of the maximal torus action on M . Guillemin-Kalkman expressed the above integral in terms of the fixed point data of certain one-dimensional subgroups of G.
Remark 1. It would be interesting to generalize the theorem to rank r ≥ 2 compact and connected abelian and non-abelian Lie group actions, which I think, is promising.
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Cross Section theorem and part of the proof of Theorem 2
In this section, we prove Theorem 2 for non-zero values of φ and for the 0 value when 0 is a regular value. First, let us recall the cross section theorem.
2.1. Cross Section Theorem. Definition 1. Suppose that a group G acts on a manifold M . Given a point m in M with isotropy group G m , a submanifold U ⊂ M containing m is a slice at m if U is G m -invariant, G · U is a neighborhood of m, and the map
For instance, consider the co-adjoint action of G = SU (2)(SO(3)) on R 3 =Lie(G). Recall that all the co-adjoint orbits through non-zero points in R 3 are diffeomorphic to S 2 (these are generic co-adjoint orbits), and the co-adjoint orbit through 0 is 0 (this is a singular co-adjoint orbit). For x ∈ R 3 , x = 0, there is a unique ray I x passing through 0 and x. It is easy to see that the open ray I • x = I x − 0 is a slice at x. If x = 0, then a slice at 0 is R 3 . More generally, let us consider the co-adjoint action of a connected compact Lie group G on g * . For x ∈ g * , let U x be the natural slice at x for the co-adjoint action. Fix a positive Weyl chamber t * + , without loss of generality, we assume x ∈ t * + . Let τ ⊂ t *
+ be the open face of t * + containing x and let G x be the isotropy group of x.
The following Cross-Section Theorem due to Guillemin and Sternberg (Theorem 26.7 in [GS] ; for the following version, see Corollary 2.3.6 in [GLS] ) gives symplectic submanifolds (the cross section) which has lower dimensional Hamiltonian subgroup actions. (M, ω) be a symplectic manifold with a moment map φ : M → g * arising from an action of a compact connected Lie group G. Let x be a point in g * and let U be the natural slice at x. Then the cross-section
Theorem 3. (Cross-Section). Let
where G x is the isotropy group of x. Furthermore, the restriction φ| R is a moment map for the action of G x on R. Now suppose G = SU (2) or SO(3) acts on a connected compact symplectic manifold M with moment map φ. For a non-zero value x, let I • x be the slice at
is a symplectic submanifold with a circle action whose moment map is φ| R , and φ| R is a proper map onto its image. The quotient
1 is called the reduced space at x. For a general Hamiltonian G-manifold N , let x be in the image of the moment map, we denote N x as the reduced space at x or we denote N G·x as the reduced space at the coadjoint orbit through x. These two quotients are diffeomorphic. We use them interchangeably. In this paper, we will encounter notations such as (V n ) x and (N ♯ ) x (or (V n ) G·x and (N ♯ ) G·x ) which correspond to N = V n and N = N ♯ . Proof. Let x ∈ im(φ) with x = 0. Let I
• x be the natural slice at x, and take
. Then by [LMTW] , R is connected, and the isotropy group S 1 of x acts on R with proper moment map φ| R (proper as a map onto its image). The map φ| R is a Morse-Bott function on R. By Morse-Bott theory (See [M] and [B] ), we had the following two lemmas in [L] (Lemma 0.3 and Lemma 0.6 in [L] ). They are still true for φ| R on R. Here, we replace the moment map φ for a circle action as in [L] by φ| R . 
Using these two lemmas and the Van-Kampen theorem (applied to the second lemma), we can see that all the reduced spaces at values on the open ray have the same π 1 .
This same S 1 acts on M with moment map being the projection of φ to R =Lie(S 1 ). Let us use φ p to denote this "projected" moment map. Suppose it has maximal value z. Then z ∈ I 
If 0 ∈ im(φ) is a regular value, we can prove π 1 (M 0 ) = π 1 (M ) as the following.
Proof. Assume 0 ∈ im(φ) is regular, then nearby values of 0 are regular. By the equivariant co-isotropic embedding theorem, there exists a neighborhood W of 0 in R 3 consisting of regular values, such that φ −1 (W ) is equivariantly symplectomorphic to W × N for some submanifold N , and the moment map is the projection onto W .
Using the homotopy exact sequence for fibrations, we get
Remark 2. The above S 2 fibration M ǫ → M 0 can be an orbi-bundle. It has the Serre fibration lifting property, so we can apply the long homotopy exact sequence for fibrations. Indeed, N → M 0 is a principal G orbi-bundle. Since G acts on N properly, by the slice theorem, each orbit in N has a neighborhood B such that B is isomorphic to G× Γ D, where Γ is a finite group, and D is a disk in the orthogonal complement of the tangent space to the orbit. So D → D/Γ = B/G is a local chart on B/G, and G × D with the Γ action gives a local trivialization over D/Γ = B/G for the G orbi-bundle. So the G orbi-bundle N → M 0 has the Serre lifting property. Then we use the projection N → N/S 1 to obtain lifts for the fibration M ǫ → M 0 .
In order to prove the theorem for 0 ∈ im(φ) if 0 is a singular value, we need to study the SU (2) and SO(3) representations.
SU (2) and SO(3) representations
The goal of this section is to study symplectic representations of SU (2) and SO(3). We are especially interested in the generic isotropy group type of the level set of the moment maps. We also study the symplectic quotients and their fundamental groups for the irreducible representations. In the next section, we will need most of these results to prove the theorem for the 0 value when 0 is singular.
The complex irreducible SU (2) representations are the V n s ′ with complex basis (see [BD] )
The main results of this section are the following lemmas. In these lemmas, φ denotes the moment map for the G action on V n .
and there are no
Lemma 8. For all V n , all the non-zero values of φ are regular.
Remark 3. Assume that V is an arbitrary finite dimensional G = SU (2)/SO(3) representation on which G acts symplectically with moment map φ. Then V is a direct sum of irreducible representations, and φ is the sum of the moment maps on the irreducible components. Assume V is the direct sum of m (m ≥ 2) number of irreducible representations, then φ = φ 1 + φ 2 + ... + φ m . We observe the following (i) and (ii).
(i) φ −1 (0) contains points for non-zero values of φ i for at least 2 i's. Therefore, the generic stabilizer of φ −1 (0) is finite.
(ii) By Lemma 8, we see that for V , the non-zero values of φ are regular.
The rest of this section is devoted to the proofs of these lemmas.
Take 3 conjugate circles in SU (2):
, y(t) = cos t i sin t i sin t cos t , z(t) = cos t sin t − sin t cos t .
Let X, Y, Z respectively denoteẋ(0),ẏ(0), andż(0) in g=Lie(SU (2)). If w is a point in V n , let X w , Y w and Z w be the values of the vector fields at w on V n generated by the corresponding circle actions.
In order to find an invariant symplectic form ω on V n and to compute the moment maps of the action, let us explicitly write down the vector fields X w , Y w and Z w . We will see that these explicit expressions of the vector fields are useful for the proof of the lemmas.
Let us first compute X w for any w ∈ V n .
τ , where τ denotes the transpose matrix.
Similarly, we can compute Z w for any w ∈ V n .
Take the symplectic form ω = 1/2
Using the above X w , Y w and Z w , and using the Cartan formula
, and L Zw ω = 0. So ω is an invariant form. Moreover, one can compute the moment maps for the 3 conjugate circle actions by using the formula < φ(w), ξ >= 1/2 ω(ξ w , w) for ξ ∈ g. We put the 2 components of the moment maps for the y(t) and z(t) actions together, and summarize the result in the following lemma.
Lemma 9. Let V n be the irreducible SU (2) representation. Then the action is Hamiltonian. Let φ be the moment map. Then up to a constant, φ(w 0 , ..., w n ) = (
Proof of Lemma 4:
Proof. By Lemma 9, we can take the equivariant contraction to be (w 0 , ..., w k , ..., w n ) −→ (tw 0 , ..., tw k , ..., tw n ). Therefore (V n ) 0 is contractible to 0.
Proof of Lemma 5:
Proof. In this case, up to a constant, the moment map is φ = (−|w 0 | 2 +|w 1 | 2 , w 0w1 ). So φ −1 (0) = pt, and φ −1 (ǫ, 0) = S 1 . So the lemma follows.
Proof of Lemma 6:
Proof. This representation is isomorphic to the lifted standard action of SO(3) on R 3 to the co-tangent bundle [C] gives a homeomorphism from C 3 /G to R + ×C, where C 3 /G → R + is given by the moment map square, and
We easily see that this action has no N (S 1 ) stabilizers.
Proof of Lemma 8:
2 I thank Denis Auroux for pointing out that the symplectic form I used in an earlier version of this paper was not invariant.
Proof. Let us take the symplectic slice U at a non-zero value ǫ whose stabilizer is x(t), and let us take the cross section R = φ −1 (U ). Then on R, we have the circle x(t) action with moment map being the first component, say φ 1 , of φ in Lemma 9. One can check, by using the formula for X w , that for any w in the inverse image of a non-zero value of φ 1 , X w = 0 (One may compute the norm square of X w ). So in the cross section with an S 1 action, S 1 only has finite stabilizers. By the equivariance of the moment map, the points in the inverse image of any generic co-adjoint orbit only have finite generic stabilizers (The reduced space at ǫ with respect to the circle action is diffeomorphic to the reduced space at the co-adjoint orbit through ǫ with respect to the G action). So the nearby values of 0 of φ are regular.
Proof of Lemma 7:
Proof. For V n with n > 2, let a = a 1 X + a 2 Y + a 3 Z ((a 1 , a 2 , a 3 ) = 0) be any non-zero vector in Lie(G) = g = R 3 , where X, Y, Z is a basis of g as above. Take w = (1, 0, ..., 0, 1). By Lemma 9, it is easy to see that w ∈ φ −1 (0). By the above computation of the vector fields X w , Y w and Z w at any point w, we see that at this given point w, X w = (−in, 0, ..., 0, in), Y w = (0, in, 0, ..., 0, in, 0), and Z w = (0, n, 0, ..., 0, −n, 0). So the value of the vector field generated by a at w is a 1 X w + a 2 Y w + a 3 Z w = n(−ia 1 , ia 2 + a 3 , 0, ..., 0, ia 2 − a 3 , ia 1 ) = 0. So the stabilizer of w is finite. By [SL] , φ −1 (0) (connected by Lemma 4) is a stratified space with an open dense stratum. So the generic stabilizer of the points in φ −1 (0) is finite. This proves the first statement.
We have shown in Lemma 4 that π 1 ((V n ) 0 ) = 1. Since the generic stabilizer of φ −1 (0) is finite, for any point x in an open dense subset of φ −1 (0), dφ x is surjective. So φ −1 (0) has co-dimension 3 in V n . By Lemma 8, the nearby non-zero values are regular. Now, V n (n > 2) is a manifold with a G = SU (2) or SO(3) action, the orbit space V n /G is a stratified space with a connected open dense stratum (may see [Br] ). (In fact, (V n − φ −1 (0))/G is an orbifold.). By [SL] , M 0 is a stratified space. We can see easily that π 1 (V n /G) = 1. Since φ −1 (0) has finite generic stabilizer, φ −1 (0)/G = M 0 (connected, we already saw) is a subspace of V n /G with co-dimension 3. By Lemma 10 below,
0)/G is parametrized by the non-trivial co-adjoint orbits, and they are all regular values.), so π 1 ((V n ) G·ǫ ) = 1.
In order to prove the following Lemma 10, let us first recall the definition of a stratified space (I am taking this definition from [SL] , one may refer to other references which appeared in [SL] .).
Definition 2. Let X be a Hausdorff and paracompact topological space and let J be a partially ordered set with order relation denoted by ≤. A J -decomposition of X is a locally finite collection of disjoint, locally closed manifolds S i ⊂ X (one for each i ∈ J ) called pieces such that
We call the space X a J -decomposed space. Proof. We will prove the lemma by "throwing away" strata in Q starting from "most contained" stratum to "least contained" stratum. Note that every stratum in X is in the closure of D. Assume S ⊂ Q is a stratum such that there is no other stratum in Q which is in the closure of S. Then S has co-dimension at least 3 in X. Let O 1 be an open neighborhood of S in X such that, by Definition 3, it may be viewed as a fibration over S with fiber 
We take the new space X − S (as X) and repeat this procedure for other strata in Q in the order described above. Finally, we get π 1 (X) = π 1 (X − Q).
Proof of π
In the Introduction, we addressed the case when 0 is the only value of the moment map. In this section, we assume that the moment map image intersects a neighborhood of 0. (M, ω) If 0 is a singular value of the moment map, by [SL] , φ −1 (0) is in general a stratified space. Now let M (H) = { x ∈ M | stabilizer of x is conjugate to H}, and let Z = φ −1 (0). The following result is proved in [SL] . It summarizes Theorem 2.1 and Section 7 in [SL] . 
Lemma 11. (Local normal form) ([GS1]) Let
♯ is a symplectic fiber bundle over the stratum (M 0 Notice that the H fixed vectors on V in the local normal form of an orbit "fall" onto the "H-stratum", so the fiber F in the above lemma only contains the subspace W of V . Now consider Hamiltonian G = SU (2) or SO(3) action on a connected compact symplectic manifold M with moment map φ. Choose an Ad(G)-invariant metric on Lie(G) = R 3 and consider the function f = ||φ|| 2 on M . Then φ −1 (0) is a critical set of f . Choose a G-invariant metric on M and consider the negative gradient flow Φ(t, x) of f on M . Since the metric is G-invariant, the negative gradient flow of f is G-equivariant. Since M is compact, the flow is defined for all t ≥ 0. By C. Woodward [W] (Theorem B.0.4 in [W] for general compact Lie group G action), the limit x ∞ = lim t→∞ Φ(t, x) exists for all x, and S = {x ∈ M |f (x ∞ ) = 0} G-equivariantly deformation retracts to f −1 (0) = φ −1 (0). We state this in the following lemma for convenience.
Lemma 12. Let (M, ω) be a connected compact symplectic manifold equipped with a Hamiltonian SU (2) or SO(3) action with moment map φ. Assume 0 ∈ im(φ). Take a G-invariant open neighborhood U = { x ∈ R n | |x| < ǫ 0 }, where ǫ 0 is small. Then φ −1 (U ) is equivariantly homotopy equivalent to φ −1 (0).
By Theorem 5.9 in [SL] , for proper moment maps, there is a unique connected open and dense stratum (M 0 ) (H) (see Theorem 4 for definition) in M 0 . We call it the generic stratum of M 0 . We call the subgroup H (up to conjugation) the generic isotropy subgroup (or generic stabilizer) of points in φ −1 (0). The subgroups of G = SU (2) or SO(3) are finite, 1-dimensional or G itself. We will prove π 1 (M 0 ) = π 1 (M ) in 3 different cases according to the possible dimensions of the generic isotropy group of points in φ −1 (0). Lemma 13 deals with the case the generic stabilizer of φ −1 (0) is G, Lemma 14 deals with the case the generic stabilizer of φ −1 (0) is finite, and Lemma 16 deals with the case the generic stabilizer of φ −1 (0) is 1-dimensional. 
Proof. This lemma includes the case when 0 is the only value of the moment map. We have seen in the Introduction the lemma is true in this case. Now assume the moment map image intersects a neighborhood of 0. By Theorem 4, there exists a neighborhood of S in M which is equivariantly symplectomorphic to a neighborhood of the zero section of the vector bundle W → N ♯ → S, where W is an SU (2) or SO(3) representation with no non-zero fixed vectors, and the reduction on N ♯ can be carried out fiber by fiber. Since the reduced space of M at 0 is diffeomorphic to S, when restricted to W , φ −1 (0) only consists of one point 0. By Lemma 5, Lemma 6, Lemma 7 and Remark 3, only when W = C 2 , this can be true. So W = C 2 , and 
Proof. In this case, φ −1 (0) may contain strata with finite stabilizers, 1-dimensional stabilizers, and fixed point components. One may check, by using the local normal form (or by using Theorem 4) and Remark 3 that the nearby values of 0 are regular (In any possible local normal form, the stabilizer of a point in the inverse image of a non-zero value is always finite.). Let U be a small invariant open neighborhood of 0. Now 
, where ψ is the moment map of the S 1 action on V . If the weights of the S 1 action have different signs, then there exists v ∈ ψ −1 (0), v = 0 such that v has finite stabilizer.
So λ is an element of a finite group of S 1 . Hence h = gλ −1 g −1 is in a finite group of S 1 . This contradicts to the fact that the generic stabilizer of φ −1 (0) is 1-dimensional. The proof applies to the case when the generic stabilizer is N (S 1 ). 
Under the assumption of this lemma, there are the following possibilities: Case 1. All the points in φ −1 (0) have S 1 stabilizers. Case 2. All the points in φ −1 (0) have N (S 1 ) (normalizer subgroup of S 1 in G) stabilizers. Case 3. The generic stabilizer of φ −1 (0) is S 1 , and there are other strata with N (S 1 ) or G stabilizers. Case 4. The generic stabilizer of φ −1 (0) is N (S 1 ), and there are stratum with G stabilizers (fixed point set components).
In Case 1 and Case 2, there is only one stratum in φ −1 (0). We will prove Lemma 16 in each of these 4 cases. The proof consists of the following lemmas.
Lemma 17. Under the assumptions of Lemma 16, assume additionally that all the points in
Proof. In the local model 
By Theorem 4, the reduction on N ♯ 1 can be carried out fiber by fiber. Now, on the fiber
where m is the complex dimension of W . Here ≃ denotes homeomorphic to. (The quotient ψ −1 (ǫ)/S 1 could be a weighted projective space. Since each orbit is connected, it is easy to see that the map ψ −1 (ǫ) → ψ −1 (ǫ)/S 1 induces a surjection in π 1 . So a weighted projective space is simply connected.). So
and
Lemma 18. Under the assumptions of Lemma 16, assume additionally that all the points in
Proof. Similar to the above lemma, in the local model
where W is a vector subspace on which N (S 1 ) acts linearly and symplectically with no non-zero fixed vectors. By Lemma 15, all the weights of the S 1 action on W are non-negative. It is easy to show that on W , it can not be that S 1 acts with positive weights and Z 2 acts non-trivially. So W = W 1 ⊕ W 2 , where W 1 is a vector subspace on which S 1 acts with positive weights and Z 2 acts trivially; and W 2 is a vector subspace on which Z 2 acts non-trivially and S 1 acts trivially.
We must have W 2 = 0. Indeed, similar to the proof of the above lemma, in the fiber 
In order to make the proof of the above lemma clear, let us first do some preparation.
Let us first observe the following fact (by the Van-Kampen theorem): Let X and Y be two topological spaces. Let X = U 1 ∪ U 2 , and let Y = V 1 ∪ V 2 , where U i and V i (i = 1, 2) are connected open sets of the spaces. Assume that U 1 ∩ U 2 and
are the same isomorphism. Then π 1 (X) = π 1 (Y ). Let us call this fact fact * .
Next, we wish to properly choose neighborhoods in M of each stratum of φ −1 (0) such that we can find maps from M G·ǫ to M 0 as stated in fact * , so we can compare π 1 of these two spaces.
Let f = ||φ|| 2 . Then φ −1 (0) is the minimum of f . Let us fix a G-invariant metric on M . Recall that the flow of −grad(f ) converges, and it gives a G-equivariant deformation retraction from the inverse image of a small G-invariant neighborhood of 0 to φ −1 (0) (Theorem B.0.4. in [W] ). For our convenience, let us state the following result which was proved in [W] (Theorem B.0.5.in [W] . Here we only state the theorem for the points in φ −1 (0). The last part of the statement here was not in the statement of his theorem, but it was in his proof of the theorem).
In the proof of this theorem, the constant ǫ 1 was chosen such that m lies in a small neighborhood of m ′ on which he had the local normal form expression. For any ǫ 2 < ǫ 1 , the above theorem is still true. So, we see that the flow of −grad(f ) converges "evenly".
If we take a compact singular stratum (non-generic) in φ −1 (0) (compact), we see that we can choose a neighborhood of this stratum such that it is invariant under the flow of −grad(f ).
In the following, when we say an H stratum or an (H) (up to conjugation) stratum, we mean the same thing. The stratum has stabilizers conjugate to H. 
♯ is a symplectic fiber bundle over (M 0 and B 3 such that they don't intersect. (c). Similarly, inside B 3 , we fix a small G-invariant open neighborhood A 3 in φ −1 (0) of the G stratum such that it is away from the intersection of the chosen neighborhood of A (in the first paragraph) with φ −1 (0). Take all the points in B 3 which flow into A 3 . This gives us a G-invariant neighborhood N 3 of the G stratum of φ −1 (0) in M such that it is invariant under the flow of −grad(f ). The neighborhood N 3 is still G-equivariantly symplectomorphic to a neighborhood of the zero section of N
Similarly as in (c), by Theorem 5, there is an α 2 , such that the neighborhood {m ∈ M : d(m, A ′ ) < α 2 } is invariant under the flow of −grad(f ). Since A ⊂ A ′ , we assume we choose α 2 < α 1 .
According to the size of α 2 and the sizes of N 
. So in this case, W 2 = 0 by the generic stabilizer assumption of Lemma 19. So F 0 = W 2 /Z 2 . We can compute, as in the proof of Lemma 17, that
. We see that there is a natural isomorphism between π 1 of (N (M 0 ) (N (S 1 )) . By 1., 2., and a dimension count, m = l. By the description of (N ′ 1 ♯ ) G·ǫ in 2., we can see the glued piece in (N ♯ 1 ) G·ǫ as a CP l bundle over E, where E is a W 2 bundle over
. By the description of (N ♯ 1 ) G·ǫ in 1., we see that the gluing in M G·ǫ is made by gluing E to the base (M 0 
bigger than 3, then the glued regular piece in (N ♯ 1 ) G·ǫ has the same co-dimension. By the description of the glued piece in the reduced spaces at G · ǫ and at 0, and by the above description of the gluing intersections, using the Van-Kampen theorem, we easily see that, to compute π 1 of M 0 and of M G·ǫ , we can ignore a stratum of φ −1 (0) when the "reduced stratum" has co-dimension in M 0 bigger than 3. Therefore, we may assume that W 2 = C.
6. Assume we have both of the singular strata (M 0 ) (N (S 1 )) and (M 0 ) G (similarly, we assume that each singular stratum is connected). Then ♯ and N ♯ 3 such that they don't intersect, the gluing can be made such that both of the singular strata are only glued to the generic stratum. We can do a similar reasoning as in 5., and see that we can ignore the singular stratum of φ −1 (0) when the reduced stratum has co-dimension in M 0 bigger than 3. Now, let us prove Lemma 19.
Proof.
Note that the open dense connected stratum in M 0 is the (S 1 ) stratum. If a singular stratum (the (N (S 1 )) stratum or G stratum) has different connected components, we treat each component similarly, and the stated gluing in 5. and 6. in the proof of Lemma 21 will be made for each connected component, and we repeat the same argument each time we glue. So, in the following, we assume that there is only one component for each singular stratum.
Assume first that we only have strata with (S 1 ) stabilizers and (N (S 1 )) stabilizers in φ −1 (0). By Lemma 21, to compute π 1 , we came down to the case when (M 0 ) (N (S 1 )) has co-dimension 2 in M 0 . In this case, by 2. in the proof of Lemma 21, the gluing intersection of (N (this is how it should be.). Therefore, g restricts to an isomorphism between π 1 of the gluing intersections in M G·ǫ and M 0 . Moreover, g and g 1 are consistant. By fact * , we have π 1 (M 0 ) = π 1 (M G·ǫ ). Now, we assume that we have both of the singular strata with (N (S 1 )) and G stabilizers in φ −1 (0). The case with only the G singular stratum follows similarly. We have seen that we can glue the two pieces separately to the generic stratum. By Lemma 21, we only consider the singlar stratum of φ −1 (0) when the reduced stratum has co-dimension 2 in M 0 . By 6. of the proof of Lemma 21, (N 
